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1. I~YTR~OUCTION 
Let R be a ring with I, J ideals in R. De$ne 
where ha denotes R-module length. The case of interest here is when (R, A) 
is ZocaZ (i.e., R has one maximal ideal ~2’). With this implicitly assumed we 
define 
H,O(I; n) = HO(I, I; n), 
H,O(I; n) = HO(I, A!; n). 
It usually takes some additional hypothesis to get these functions to be 
defined, since the lengths involved may be infinite. Inductively define 
H,(“)(I; n) = i HI”-l)(I; j) i= 1,2. 
j=O 
These are examples of the generalized Hilbert functions developed by Hilbert, 
Serre, Samuel, Nagata, and others. 
It follows from a theorem of Hilbert that if Hio(l; n) is finite then there 
exist a polynomial 
h!$‘(I; X) E Q[x] and integers .A@ t 1 
depending on I such that 
H,!“‘(I; n) = &(I; n) for 12 > A+’ 2 * 
The polynomials hl”(1; X) may be called the Hilbert-Samuel polynomials of I. 
Coefficients of hj’)(I, X) and estimates on Nj’“) are known to have algebro- 
* Partially supported by the National Science Foundation. 
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geometric signigicance. The most intensely studied of these invariants is the 
multiplicity. I f  R is a local noetherian ring of dimension d and I is an open 
ideal then the multiplicity of 1, p(I), defined by the equality 
p(l)/d! = leading coefficient of &l(1)>. 
In some cases the knowledge of this single invariant amounts to complete 
knowledge of Hj”) for all s (e.g., [12, p. 296; 8, p. 1891). In the local noetherian 
case, if I is an open ideal, then 
deg h,‘(l) = deg hr’(.&‘) = dimension R. 
This elementary observation suggests that one may hope to gain information 
about the functions h,(l) from analysis of more tractable functions hi(J) for 
some ideals J which are related to I. Samuel [8, p. 1861 showed, for instance, 
that if q is an open ideal in a noetherian local ring with infinite residue field 
then one can find an ideal q’ C q such that q’ is generated by a system of 
parameters and such that p(q) = p(q’). 
One of the most fruitful developments of this basic idea (i.e., gain informa- 
tion about h(1) from h(J)) was that of Northcott and Rees [4]. They introduced 
the concept of a reduction which provides a systematic approach to choosing 
a related ideal. I f  A and B are ideals in a ring R, then B is said to be a reduction 
of A if B C A and for some integer n, RA” = A”+l. It is easy to see that if A 
is a reduction of B then p(B) = u(A) [4, p. 1461. Northcott and Rees [4, 51 
laid the foundations for a general theory of reductions and demonstrated that 
it is an effective tool. 
Our main purpose here is to prove the following. 
THEOREM. Let (R, M) be a local ring such that R/M is infinite and let I be 
an ideal in R. Let n and r be positive integers and suppose I* can be generated by 
less than (“:‘) elements. Then there exist { y1 ,..., yY} C I such that 
(Yl 3***, yr)P-l = I”. 
Moreover, if (x1 ,..., x,) is such that (x1 ,..., xv)” = I”, then r “generic” linear 
combinations of {x1 ,. .., x,> will serve for such a set. 
This is, of course, a general existence theorem for reductions. It is useful 
in as much as it yields quantitative information (Le., estimates) on the hf’ 
from initial behavior of H$). 
Our interest in this problem arose from the article [l l] of Sally. There she 
proved the case n = 2, r = 1 and conjectured the general case r = 1. 
This article is divided into five sections, the first being an introduction. 
Section 2 is devoted to establishing our main result. In Section 3 we introduce 
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the notion of a prestable ideal. We will say that an ideal I in a local ring is 
stable if there is an x in I such that XI = 12. An ideal I in a local ring is 
prestable if some power of I is stable. In general an ideal I in a ring R is 
stable (prestable) if IR, is stable (prestable) for each prime p C R. Section 3 
is devoted to some stability theorems for prestable ideals. 
In Section 4 we define a ring to be prestable if each finitely generated ideal is 
prestable. The main result of Section 4 is the following. 
THEOREM. Let (R, m) be a semilocal integral domain and R its integral 
closure. Then these are equivalent: 
(1) R is prestable. 
(2) R is a Prufer domain. 
(3) For each jkitely generated ideal I2 R there is a positive integer 
b(I) such that for every positive integer n, In can be generated by b(I) elements. 
This characterizes prestable integral domains as those whose integral 
closures are Prufer. It also gives one a handle on prestable rings since 
prestability is preserved under homomorphic images. It is easy to see that a 
domain of valuative dimension one is prestable. Thus we recover (Corollary 5) 
the well-known theorem of Seidenberg which characterizes domains of 
valuative dimension 1 as those one-dimensional domains whose integral 
closures are Prufer [7]. 
Section 5 is devoted to theorems on “index of stability,” a term introduced 
by Sally and Vasconcelos [9]. The main result of this section is a charac- 
terization of the invertible ideals in integrally closed noetherian domains. 
THEOREM. Let I be an ideal in a d-dimensional, normal, noetherian domain. 
Then these are equivalent: 
(1) I is invertible. 
(2) Ia+1 can be generated by d + 1 elements. 
(3) There is a positive integer d(I) such that for all n, In can be generated 
by d(I) elements. 
(4) I is prestable. 
In addition we establish the converse to a theorem of Heitmann [l]. 
THEOREM. If D is a d-dimensional integrally closed domain then these are 
equivalent : 
(1) D is Prufer. 
(2) If I is any finitely generated ideal in D then I can be generated by 
d + 1 elements. 
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(3) If I is any jkitely generated ideal in D then Ia+’ can be generated by 
d + 1 elements. 
(4) If  I is any finitely generated ideal in D then Id is stable. 
2. MAIN RESULTS 
In what follows all rings are assumed to be commutative and to possess 
an identity. A local ring is a ring with a unique maximal ideal. When we 
write h,(M) we mean the length of the R-module M. 
LEMMA A. Let (R, m) be a local ring and I an ideal such that ml” = 0. Let 
y  E I and K = [0: y],+1 = {.z E In-l 1 yz = O}. Denote the mapping R --+ R/K 
by “ -.” Then for any module T C In--l, T E y  T as R modules. 
Proof. The mapping “multiplication by y” from T to yT has kernel 
Kn T. Thus yT= T/(Kn T)e T. 
Let S, denote the group of all permutations of the natural numbers. 
LEMMA B. Suppose (R, m) is a local ring and I is a finitely generated ideal 
in R such that for some integers n and Y 
(1) ml” = 0, 
(2) dim,,,P < (“:‘). 
Suppose further that there is a sequence { y,}E1 in I such that 
(3) there is a positive integer p such that for each i, {yi ,. , ., Y~+~-~} is a 
generating set for I. 
In addition, assume that S, acts as a group of automorphisms of R in such 
a way that 
(4) for each o E S, , U( yi) = yOci) . 
Then we get that ( yi ,..., yi+r-l)In-l = In, for each i. 
Proof. We proceed by reduction of the pair (n, r). By hypothesis, there is 
at least one integer q (namely, p) such that 
(yi ,..., yi+*-p-1 = I”. 
I f  q < r we are done. Thus we may assume that q is minimal with respect to 
the above property and that q > r + 1. By (2) we infer that 1” has less than 
(“z!;‘) generators. Thus it suffices to prove the following. 
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LEMMA. ,4ssuming the hypothesis of Lemma B if In has less then (“z’) 
generators and I* = Cz: yiIn-l then In = Cl=, yJ”-l. 
Proof. Now suppose this is false for some (Y, n). Take r to be minimal 
and 71 to be minimal for this Y. Let d be the common R/m vector space 
dimension of all yiP1. There are two possibilities: 
Casel. d>( “‘J-l). In case I = 1, this is impossible ; since, then yiln-’ 
would have dimension at least n, while P-l has dimension at most n. Thus 
yiP1 = I”, a contradiction. Thus we have Y > 1. Since (n+z-l) + (“,+1;r) = 
(“z’), by counting lengths we see that in the ring R/y,l”-l = R, the ideal 1% 
has at most (“t;l;‘) generators, It is straightforward to check that i? satisfies 
the hypothesis of the lemma with {yi}za taking the place of {yi}zzl and S, 
acting on i? via the induced actions from all u E S, such that u(yr) = yr . 
Then by the minimality of Y, In = Cr=a~~fi-~. In other words In = 
CI=, yiln-l + y,P-l = CL, yiP1, a contradiction. Thus we are left with 
Case2. d<( nfF-l). Let K = [0: yl],+l and let “-” denote the homo- 
morphism R --P R/K. By Lemma A, 
F-1 y  yp-1. 
Moreover, we see that the ring R also satisfies the hypothesis of Lemma B, 
when n is changed to (n - 1). Conditions (1) and (2) follow from the above 
isomorphism. The set {yJira fulfills the conditions for the yi’s. We need only 
describe the S, action. But note that (o E S, 1 u(n) = yl} is a copy of S, 
which acts on R in the prescribed manner, since each such 0 maps K onto 
itself. Thus by the minimality of n, 
T+l 
In-1 = c jjiJ"-2, 
or 
222 
7+1 
1-1 = c yip2 + K, 
i=2 
so 
7+1 
yp-1 = c ylyJ"-1. 
i-2 
But recall that by hypothesis 
r+1 
I” = c yJ+1. 
i-1 
Thus In = C,r=‘i yiP1. Since by hypothesis, there is no preference for any r 
of the y’s 1” = XI=, yiP1, a contradiction. 
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THEOREM 1. Let R be a local ring with maximal ideal m and I an ideal in R 
such that for some positive integer n, In can be generated by less than (“z’) 
elements. If  (x1 ,..., x,} is a set of elements in I such that (x1 ,.,., x~)~ = In then 
there is a polynomial f in rp variables {xii} such that f (xii) E R[{zij}]\m[{xij}] and 
such that, if (aii) are rp elements of R with f (oIij) $ m and yj = zyz, oijxi , 
then CzzlyjP1 = In. 
Proof. Consider the ring R({uij}) = R*, where (uij}~:&, are independent 
indeterminates (Nagata [3, p. 181 lists the properties of such extensions). Let 
S, act on R* by U(Q) = u,cijj . Thus (T takes yi to y,,ti) . We claim that for 
each s 
7-l 
In = c ys+jIn-lR*. 
j=O 
By Nakayama’s lemma we may prove this under the additional assumption 
that mIn = 0. But this puts us exactly under the hypotheses of Lemma B. 
Thus the claim holds. 
Now let {Ai} be the monomials of degree n - 1 and {B,) the monomials 
of degree n in the set {x1 ,. .., xp>. By the above claim there exists a set of 
equations 
iyj (1 r:j,B,) = B, with ri*it E R*. 
By comparing coefficients one can insist that the r& all involve only the 
variables which occur in the {yj}i=r . Call these rp variables (,Q) and let 
f(xij) be a common denominator for all the r& . Then if aii E R are such 
that f (aij) $ m, we can specialize the above equations to conclude 
Remarks. (a) There is no requirement in the above that the ideal I itself 
be finitely generated. 
(b) If  in the above we assume R/m to be inflnite then there always 
exists a choice for (aij) such that f  (q) 6 m. 
3. PRESTABLE IDEALS 
Background and deJinitions. If  A and B are ideals in a ring R, then B is 
said to be a reduction of A if B C A and for some positive integer n, BA” = 
An+l. In this context we also say that B reduces A. The ideal B is said to be a 
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minimal reduction of A if B reduces A and no ideal properly contained in B 
is a reduction of A. These concepts were introduced in [4]. They show there 
that, if a is any ideal in a noetherian local ring (R, m), then a has a minimal 
reduction. In fact if R has infinite residue field and Z(a) denotes the minimal 
number of generators of any minimal reduction of a then they prove1 that 
Z(a) = 1 + deg Zzz(a) [4, Theorem 1, p. 1481. 
Thus Z(a) is an invariant of a. This is called the anaZytic spread of a. 
Remark. Theorem 1 can provide a different proof of [4, Theorem 1, 
Sect. 5, p. 1531 which says that if I is an ideal in a local noetherian ring such 
that Z(I) = 2 then it is to be expected that I “nonspecial” elements of I will 
generate a minimal reduction of I. 
Lipman used a special type of reduction in the first part of [2]. In Lipman’s 
terminology, an element x in the ideal I is I-transversal if for some integer n, 
XI’” == Pm-l. Lipman was interested in one-dimensional, semilocal noetherian 
rings. For such rings he gives a direct argument that, if I is any ideal, then 
some power of I has a transversal element and, if the residue field is infinite, 
then I itself has a transversal element. Lipman uses the following terminology. 
If  I is an ideal in A and T denotes the total quotient ring of A then set 
A’ = u [I” :P], 
7A>O 
where as usual [I: I] = (/\ E T 1 hI G I}. 
Assuming that A contains a regular element, an open ideal I in A is said 
to be stable if izI = [I: I] or equivalently, if IA’ = I. 
I f  I has a transversal element X, say XI” = Pfl, then xnIn = (1”)a. Thus I 
has a power B which contains an element y  such that yB = B2. Lipman [2] 
proves the following. 
THEOREM (Lipman). If  I is an open ideal in a one-dimensional semilocal 
Macaulay ring, then these are equivalent: 
(i) I is stable. 
(ii) There is an x in I such that XI = 12. 
(iii) A,(In/In+l) = ,u(I) for all n > 0, where h = length and p is 
multiplicity. Moreover some power of I is stable. Further, these are equivalent: 
(iv) Ifi is stable. 
(v) If .t is a transversal element for I, then XI” = P+l. 
1 Northcott and Rees are working under the hypothesis that the ring is noetherian. 
However, it is easy to see that their proof depends only upon Nakayama’s lemma and 
the assumption that the pertinent ideals are finitely generated. 
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In this article we take (ii) as our definition of I being stabk. 
Sally and Vasconcelos [9] extended Lipman’s terminology to say that an 
ideal I in a ring A is stable, if 1 is projective over its endomorphism ring, 
End,(l). I f  I is a regular ideal (i.e., I contains a regular element), then 
End,(I) = [.Z:I]. Thus this definition extends that of Lipman. It is not 
hard to see that for noetherian rings, if an ideal satisfies (ii) then some power 
of I is stable in the Sally-Vasconcelos sense. The argument is implicit in the 
proof of [9, Theorem 2.91 and is based on the fact that, if I is an ideal in a 
noetherian ring, one can always find an integer t such that It n [0: It] = 0. 
This means that, at least in the noetherian case, the following has the same 
meaning in both senses. An ideal 1 in a semilocal ring is prestable if some 
power of I is stable. In a genera2 ring and ideal is stable &rest&e) if for each 
prime p, IR, is stable (prestable). Now we proceed to prove properties of 
prastable ideals. 
COROLLARY 1. If I is a jinitely generated ideal in a local ring (R, m), then 
these are equivalent : 
(1) I is prestable. 
(2) There is an integer b(I) such that for each n, I’” has b(I) generators. 
(3) Some power of I has a transversal element. 
(4) There is a positive integer n such that In has n generators. 
Moreover, if I is regular and In has n generators, then .F1 is stable. 
Proof. (1) * (2). Suppose I is prestable. Then for some integer Y  there 
is an x in I’ such that x17 = 12’. Thus xjIr = I(j+l)r and I(j+l)r requires no 
more generators than I?. Thus we see that the Hilbert function H,O(I; n) is 
bounded on multiples of Y. Since h,O(I; n) is a polynomial, it is therefore a 
constant and we see that {dimR,,In/mIn}~~, is uniformly bounded. By 
Nakayama’s lemma, this is exactly what is required. 
(2) a (3). The graded ring G = @)E, In/ml” is an affine ring over R/m. 
Moreover the hypothesis (2) says that its Hilbert function is bounded. Thus 
G is at most one-dimensional [12, Theorem 20, p. 2881. Hence there is a 
superficial element x E G which is of positive degree s and such that for all 
sufficiently large r, Ir+SlmI*+S = - I’ x( /ml’) [12, Lemma 5, p. 2861. So by 
Nakayama’s lemma P+ = xl’. Replacing I by I” and Y  by ns, for suitably 
large n we have In+l = XI” which is what was to be shown. 
(3) * (1). Let J be a power of I such that xJ” = p4-l for some X. Then 
xnJn = (p)2. Thus Jn is stable, and hence I is prestable. 
(2) => (4) is trivial. 
(4) * (2) This follows immediately from the next result (Corollary 2). 
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We now establish the last assertion. Suppose that I is regular and that 1” 
has n generators. If  R/m has an infinite residue field this would follow im- 
mediately by Theorem 1 with r = 1. For then In has less than (n:l) generators 
and there is a y  such that yP1 = In. Thus as above (yn-l)P-l = (1n-1)2 
and In-l is stable. In case R/m is finite we use an observation of Lipman [2]. 
LEMMAS (Lipman). If  I is a jiniteb generated regular ideal in the local ring 
(R, m) then these are equivalent: 
(i) 1 is stable. 
(ii) I = x(1: I) for some x. 
Proof. (ii) => (i) follows by multiplying both sides by I. For (i) 2 (ii), 
let I2 = x1. Then x is regular, I/x is a ring and 1/1x = I: 1. Thus to prove that 
the regular ideal I”-i is stable it suffices to prove that P-l(P-l: 1,-l) is a 
principal ideal of (In-l: In-l). Consider the ring R(t) with t transcendental. 
Since R(t) is a faithfully flat extension of R and P-l is finitely generated we 
have 
(P-1: I”-‘)(t) = (I”-‘(t): I”-‘(t)). 
We also have (I(t))” = In(t). Thus by the case of the infinite residue field, 
there is an 3 EI(~) such that W-l(t) = P(t). Therefore I”-‘(t) is stable. 
Hence we have Is-l(t) = Z(P-l: P-‘)(t) and P-l(t) is an invertible (even 
principal) ideal of (P-l: I”-‘>(t). S’ mce R(t) is a faithfully flat extension, In-l 
is an invertible ideal of In-l: In-l. But now the following standard argument 
shows that In-t is a principal ideal of P+l: In-l. For we may assume that there 
is a ring R’ such that 
(i) R’ is a finite R module, 
(ii) R’ C In-l: In-l, 
(iii) I”-l is invertible in R’. 
But since R’ is semilocal, I”-lR’ = xR’ for some x ~1. Thus P-l = 
In-1(1n-1:17z-1) = x[P~:P-~]. This is what was to be shown. 
COROLLARY 2. If  R is a local ring and I is an ideal in R such that for some 
positive integer n, In has at most n generators then In+e has at most n generators 
for each integer e > 0. If  I contains a regular element and I” has t generators 
with t < n then It-l and all successive powers have t generators. 
Proof. Let f  (x1 ,..., z,) be the polynomial which is guaranteed to exist by 
Theorem 1. If  R/m is infinite then one can always find a p-tuple (01~ ,..., a,) 
such that f  (a1 ,..., a,) $ m. Thus there exists y  E I such that yin-l = In and 
? This is part of Lemma (1.11) of [2]. 
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yeP = In+e. Since multiplication by y” defines an R-homomorphism of I’” 
onto Inte we see that Inte requires at most as many generators as I’“. I f  R/m 
is not infinite then one employs the device of going to R(t), t an indeterminate 
[3, p. 181. Then In+eR(t) has at most n generators, but this implies In+c has 
at most n generators. If  I contains a regular element, then since yin-l = I”, 
y  must be a regular element. Thus multiplication by y” is a monomorphism 
and In-l has t generators. If  t < 71 - 1 then In-l has at most n - 1 generators 
and this reasoning can be repeated. Ultimately one concludes that It-l has t 
generators. 
DEFINITION. We take the conclusion of one of the results of [4, Corollary 1, 
p. 1571 as our definition of the analytic spread, ZR(a), of an ideal a. The analytic 
spread of an ideal a in the ring R is the smallest number of elements which 
will generate a reduction of a in R. When the ring is understood the subscript 
is dropped. 
LEMMA C. If I is a$nitely generated ideal in a semilocal ring (R, m, ,..., m,) 
then ZR(I) < to sup Z,JIRmj) < t for i = l,..., s. 
Proof. The implication (3) is clear. Let us denote Rmj by Rj and IRmj 
by Ij . Let J denote the Jacobson radical of R. Now to prove (e) suppose 
that ZRj(Ij) < t, for each j. Then there exist ideals (x:j’,..., .z’,j’) C Ij and an 
integer n such that 
(x(i) 1 ,...) Xt’j’)Ij” = I,;+? 
Since I/II g @ Ij/llZ,Ij we can choose (xi ,..., xt) in I such that for each j 
and each p 
X, G xaj’ in Ij/mjIj . 
But then 
(Xl sm.., xt) + mjIj = (x,‘j’,..., “t(j)) + mjIj for each j. 
Hence 
(Xl ,***, x,)Ijn + m&+l = (x1 ,..., xlj’)Ii” + mjIjn+l 
(i) for each j. 
so 
Hence 
IT+’ = (x1 ,..., x,)Ijn + mJjn+l 
I”+1 = (x1 ,..., x,)F. 
for each i. 
LEMMA D. Let I be a jkitely generated ideal in a semilocal ring R and 
suppose I is a reduction of a finitely generated regular ideal I*. Then I is prestable 
if and only if I* is prestable. 
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PYOO~. By Lemma C we may reduce to the case where R is local. We 
further reduce to the case where R has an infinite residue field by passing to 
R(t). This is seen to be ,permitted by Corollary 1 as follows. By Corollary 1, I 
is prestable if and only if there is a bound on the minimal number of generators 
for I” which is independent of n. Since (l(t))n and I” have the same minimal 
number of generators in the rings R(t) and R respectively we see that I is 
prestable if and only if I(t) is prestable. Since the residue field of R(t) is 
infinite, it follows by Corollary 1 and Theorem 1 that I(t) is prestable if and 
only if I(t) has a transversal element (i.e., if and only if l(I(t)) = 1). With 
these observations the result now follows from the following trivial generaliza- 
tion of a theorem of Northcott and Rees [4, Theorem 4, p. 1.571. 
THEOREM. I f  B is a reduction of a regular ideal A in a local ring R with 
infinite residue Jield and if A and I3 are both finitely generated; then they have 
the same analytic spread i.e., l(A) = l(B). 
This fact is established in [6] w h en R is noetherian. But we simply note 
by checking their argument that all that is required is that the ideals in 
question be finitely generated. 
LEMMA E. Let R C R’ be semilocal rings with R’ a finite R module and R’ 
contained in the total quotient ring of R. If  I is a finitely generated, regular ideal 
in R, then I is prestable in R if and only if IR’ is prestable in R’. 
Proof. I f  I is prestable in R, then IR’ is prestable in R’. Thus suppose 
that IR’ is prestable in R’. Let c be a regular conductor element. Then (cIR’) 
is a finitely generated ideal in R. Since there is an x in IR’ such that x(IR’)” = 
(IR’)n+l we see that 
(cx)(cIR’)~ = (cIR’)~+~. 
Thus clip’ is prestable. But since (cI)(cIR’) = (cIR’)~ we see that CI reduces 
(cIR’). Thus cl is prestable by Lemma D and it easily follows that I is 
prestable since c is regular. 
LEMMA F. Let I be a$nitelygenerated ideal in an integrally closed domain R. 
Then I is invertible if and only if it is prestable. 
Proof. The definition of prestability and the invertibility of I are both 
local conditions. Thus we may assume that R is local. I f  I is invertible, then 
it is principal and hence prestable. Conversely, suppose I is prestable; then 
for some n there is a y  in In such that yl” = (1”)2. Then a trick shown us by 
Butts implies that I” = (y). To wit, (1/y)” = (l/y)“(l/y)” and In is finitely 
generated. Thus we see by the “determinant trick” that (I/y)” is integral 
over R. Therefore I” C yR so I” = yR and I is invertible. 
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4. PRESTABLE RINGS 
We define a ring R to be prestable if every finitely generated ideal in R is 
prestable. In this section we characterize prestable rings. 
THEOREM 2. Let (R, m) be a semilocal integral domain and R its integral 
closure. Then these are equivalent: 
(1) R is prestable. 
(2) R is a Prufer domain. 
(3) For each $nitely generated ideal I C R, there is a positive integer b(I) 
such that for every positive integer n, In can be generated by b(I) elements. 
Proof. (1) c> (3) follows by Corollary 1. Thus we need show only (1) o (2). 
Since both the hypothesis and conclusion of the theorem are local conditions 
we may assume that R is local. First suppose R is Prufer. Let I be any finitely 
generated ideal in R. Then IR is invertible. Since the fact that Ii? is invertible 
involves only finitely many elements of I, I-l and R we may assert that there 
is a ring R’ which is a finite module over R such that IR’ is invertible in R’. 
Since R’ is semilocal, IR’ is principal and hence is prestable. Thus I is 
prestable by Lemma D. 
Conversely, suppose that I is any finitely generated ideal of i?, say I = 
i 
x1 ,..., x,)R. Let c be a common denominator for x1 ,..., x9 . Then the ideal 
cxr ,,.., cx,)R is prestable. It is obvious that (cxr ,..., cq,)W is prestable. 
Thus cl is invertible by Lemma F, and therefore I is invertible. Thus a is 
Prufer since we have shown that any finitely generated ideal of i? is invertible. 
COROLLARY 5 (Seidenberg). Let R be a one-dimensional integral domain. 
Then the valuative dimension of R is one if and only if the integral closure of R 
is a Prufer domain. 
Proof. Since Prufer domains are locally valuation rings, one way is clear. 
We may assume that R is local. Suppose there were a valuation overring of 
R, V, which has two distinct, nonzero prime ideals M, and Ma. Choose 
a E M,\M, and let v  be the valuation associated to V. Write 01 = a/b. Were 
the ideal (a, b)R prestable, then the number of generators of (a, b)” would 
become constant. Thus there would exist a form in two variables f (x, y) such 
that f (a, b) = 0 with at least one coefficient off a unit in R. Let f have degree 
m. Then there exists a polynomial expression f(a/b) = f (a, b)/bm = 0, with 
coefficients in R, say, 
r,(a/b)” + r,-l(a/b))“-i + **. + r,(a/b) + r. = 0, 
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such that yj is a unit for some j. This is a contradiction since if Q is taken to 
be the least index such that y. is a unit then all other terms will have strictly 
larger value under the valuation U. 
COROLLARY 6 (Sally and Vasconcelos). A prestable noetherian ring has 
dimension at most 1. 
Proof. We may look mod P for any prime P of R. Then R/P is a prestable 
noetherian domain. By Theorem 2, R/P is Prufer. Since R/P is also Krull 
-. 
[3, p. 1181, R/P is a Dedekind domain. Thus R/P is of dimension at most 1 
and therefore R is of dimension at most 1. 
5. INDEX OF STABILITY 
It is evident that an ideal I with a transversal element is prestable. Thus to 
every regular ideal I in a one-dimensional semilocal Macaulay ring A there 
is associated a positive integer n(1) which is the least power of I which is 
stable. Sally and Vasconcelos study this index of stability in [9] and show that 
for all open ideals in a one-dimensional local Macaulay ring of multiplicity p, 
n(I) < p - 1. 
In this section we collect some “index of stability” theorems which allow us 
to characterize the invertible ideals in certain rings. 
First we note that the Sally-Vasconcelos index of stability theorem is a 
corollary to our Theorem 2 in the n = CL, r = 1 case. 
COROLLARY 3 (Sally and Vasconcelos). Let I be an open ideal in a one- 
dimensional local Macaulay ring of multiplicity p. Then Iu-l is stable. 
Proof. I f  necessary, pass to R(t) to insure an infinite residue field. It is 
known that every open ideal in a one-dimensional Macaulay, local ring R can 
be generated by p(R) elements [9, Theorem 1 .l]. Thus 1~ has at most p 
generators and there is an x in I such that ~1u-l = 1~. Thus xu-ll~-i = (In-l) 
and Iu-l is stable. 
Remark. An immediate consequence of the previous corollary is the 
following. 
If  R is a one-dimensional Macaulay local ring with maximal ideal M then 
the Hilbert function H,O(M, n) takes on the value p(R) from p(R) - 1 
onwards. Moreover, as noted in the proof of Corollary 3, it is known that if 
R is a one-dimensional, local Macaulay ring, then every open ideal in R can be 
generated by p(R) elements. Thus we known exactly the graph of HaO(m; n) 
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of a local Macaulay ring of multiplicity p between p - 1 and infinity; it is the 
line y  = p. The obvious question is: What is the nature of the graph of Haa 
between 1 and p - 1 ? It follows from Corollary 1 that the graph cannot 
touch the diagonal before (cl, p), and that once it has touched the line y  = p 
the graph thereafter coincides with the line y  = p. Thus the “missing” 
portion of the graph must be in the triangle whose vertices are (1, 2) (1, p) 
and (CL - 1, p). One obvious question is: 
QUESTION 1. Is the graph of Hzo(m; n) a nondecreasing function? 
The value H,O(l) is called the embedding dimension of R. 
The simplest examples to consider seem to be the following. Let 
a, < a2 < .a. < a, be positive integers such that GCD(a, ,..., as) = 1 and 
assume that aj is not in the semigroup of positive integers generated by 
{a, ,..., ajpl}. Let t be an indeterminate over a field k and let R = 
h[[Pl, ty..., ta8]]. Then R is a local Macaulay ring of multiplicity a1 and 
embedding dimension S. For these examples computations show that 
Question (1) and the following Question (2) have affirmative answers in case 
a, =s+l. 
QUESTION 2. Let a, < a2 < ... < a, be positive integers such that 
GCD(a, , a2 ,..., a,) = 1 and such that for each j, aj is not in the semigroup of 
positive integers generated by (al ,..., ai-J. Let M, = (all sums of p or more 
elements of {a, , a2 ,,.., a,}, allowing repetitions). Let &“(p) = cardinality 
{MD\MD+,}. Is s?~O a nondecreasing function ? 
Note that by the previous discussion i&“(n) = a, if n > a, - 1. 
COUNTEREXAMPLE TO QUESTION 2 (AND HENCE TO QUESTION 1). Take 
(al ,..., a,) = (15, 21, 23, 47, 48, 49, 50, 52, 54, 55, 56, 58). Then .%‘..O(2) = 
11 < 12 = #so(l). 
THEOREM 3. Let I be an ideal in a d-dimensional integrally cZosed noetherian 
domain. Then these aye equivalent. 
(1) I is invertible. 
(2) Ia+1 can be generated by d + 1 elements. 
(3) There is a positive integer d(I) such that for all n, Pa can be generated 
by d(I) elements. 
(4) I is prestable. 
Proof. (1) + (2) by Swan and Forster [lo]; (2) 3 (3) trivial; (3) 3 (4) 
by Corollary 1; (4) * (1) by Lemma F. 
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In view of results like Swan-Foster [lo], Heitmann [l] and Rees [6], the 
following question appears naturally when trying to get a nonnormal version 
of Theorem 3. Let (R, m) be a local, noetherian ring of multiplicity p and 
dimension d. Suppose that n is the number of generators for i?, the integral 
closure of R as a module over R. If  I is an ideal in R such that Ii? is principal, 
does there exist some intrinsic bound (expressible in terms of 1z, p and d) 
on the number of generators for I ? The answer is no as the following examples 
(suggested by Heinzer) show. Let (A, m) be a regular local ring of dimension d 
and x an indeterminate. Let R = A[[x~, x3]], and 1* the ideal (+, x3, x2). 
Then R has multiplicity 2, dimension d + 1 and i? over R requires two 
generators. Moreover I$ = (x2) A[[%]] = x2E. However, Ib requires 
(“if;‘) + 1 generators. 
Heitmann [l] has recently shown that an invertible ideal in a d-dimensional 
Prufer domain has d + 1 generators. Thus we have the following. 
THEOREM 4. If  D is a d-dimensional integrally closed domain, then these 
are equivalent. 
(I) D is Prufer. 
(2) If  I is any finitely generated ideal in D, then I can be generated by 
d + 1 elements. 
(3) If  I is any jinitely generated ideal in D, then Idfl can be generated by 
d + 1 elements. 
(4) If  I is any finitely generated ideal in D, then Id is stable. 
(5) If  I is any finitely generated ideal in D, then I is pestable. 
Proof. (1) 2 (2) is Heitmann’s result [l]. (2) =S (3) is obvious. (3) * (4) 
follows by Corollary 1. (4) * (5) is trivial and (5) =S (1) follows by Lemma F. 
Note added in proof. In a paper to appear in the Pacific Journal of Mathematics, 
Heitmann strengthens the result in [I] to show that an invertible ideal in a d-dimen- 
sional domain has d + 1 generators. Thus Theorem 3 is true without the noetherian 
hypothesis. 
REFERENCES 
1. R. C. HEITMANN, Generating ideals in Prufer domains, Notices Amer. Math. 
Sot. 20 (1974), A488. 
2. J. LIPMAN, Stable ideals and Anf rings, Amer. J. Math. 93 (1971), 649-685. 
3. M. NAGATA, “Local Rings,” Interscience, New York, 1962. 
4. D. G. NORTHCOTT AND D. REES, Reductions of ideals in local rings, Proc. Cambridge 
Philos. Sot. 50 (1954), 145-158. 
454 EAKIN AND SATHAYJZ 
5. D. G. NORTHCOTT AND D. REFS, A note on reductions of ideals with an application 
to the generalized Hilbert functions, Pvoc. Cambridge Philos. Sot. 50 (1954), 
353-359. 
6. D. REES, Estimates for the minimum number of generators of modules over 
Cohen-Macaulay local rings, preprint. 
I. A. SEIDENBERG, A note on the dimension theory of rings, Pacific J. Math. 3 (1953), 
505-512. 
8. P. SAMUEL, La notion de multiplicate en elgebre et en geometric algebrique, J. de 
Math. Pure et Appliquk 30 (1951), 159-274. 
9. J. SALLY AND W. VASCINCELOS, Stable rings, J. Pure Appl. Algebra 4 (1974), 
319-336. 
10. R. SWAN, The number of generators of a module, Math. 2. 102 (1967), 318-322. 
11. J. SALLY, On the number of generators of powers of an ideal, Proc. Amer. Math. 
Sot., to appear. 
12. 0. ZARISKI AND P. SAMUEL, “Commutative Algebra,” Vol. II, Van Nostrand, 
Princeton, N.’ J., 1960. 
